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Abstract. In this paper, we define the notion of Smarandache pseudo-ClI algebras and 
we investigate their properties. We also define and study the notions of Smarandache 
filters, pseudo-CI Smarandache homomorphisms and modal Smarandache operators on 
pseudo-ClI algebras. The classes of Smarandache fantastic, implicative and positive im- 
plicative filters of Smarandache pseudo-Cl algebras are defined and studied by extending 
some results regarding Smarandache fantastic, fresh and clean ideals in Smarandache 
BCl-algebras and Smarandache BCH-algebras to the case of Smarandache pseudo-ClI 
algebras. The notion of Smarandache commutative pseudo-ClI algebras is defined and 
a characterization theorem is given. It is proved that in the case of commutative Q- 
Smarandache pseudo-ClI algebras the notions of Smarandache filters and fantastic filters 
coincide. 
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1. Introduction 


Developing algebraic models for non-commutative multiple-valued logics is a 
central topic in the study of fuzzy systems. Pseudo-BCK algebras were intro- 
duced by G. Georgescu and A. Iorgulescu in [13] as algebras with “two dif- 
ferences”, a left- and right-difference, and with a constant element 0 as the 
least element. Pseudo-BCK algebras were intensively studied in [15] (also see 
[14], [22], [21], [8]). Pseudo-BE algebras were introduced by R. A. Borzooei et 
al. as a generalization of BE-algebras and properties of these structures have 
recently been studied in [28] (also see [6]). L. C. Ciungu defined the notion 
of commutative pseudo-BE algebras and proved that the class of commutative 


2 L.C. Cruneu, A. REZAEI, A. RADFAR 


pseudo-BE algebras is term equivalent to the class of commutative pseudo-BCK 
algebras ({9]). Recently, A. Rezaei et al. introduced the notion of pseudo-Cl 
algebras as generalizations of Cl-algebras and they provided some conditions 
for a pseudo-Cl algebra to be a pseudo-BE algebra ([29]). The class of singular 
pseudo-CI algebras was defined and it was proved that any singular pseudo-CI 
algebra is a pseudo-BCI algebra (see [12], [29]). A. Rezaei et al. defined the dual 
pseudo-Q and dual pseudo-QC algebras, investigated their properties and gave 
characterizations of these structures ({30]). It was also proved that the class of 
commutative dual pseudo-QC algebras coincides with the class of commutative 
pseudo-BCI algebras. 

Generally, a Smarandache structure on a set A means a weak structure W on 
A such that there exists a proper subset B which is embedded with a stronger 
structure S ({16]). Smarandache structures on multiple-valued logic algebras 
have been studied in [4] (also see [3], [5], [16], [17], [18], [19], [24], [25]). A. 
Borumand Saeid defined the notion of Smarandache (weak) BE-algebras and 
proved some of their properties ((2], [3]). 


In this paper, we define the notion of Smarandache pseudo-CI algebras and 
we investigate their properties. We also define and study the notions of Smaran- 
dache filters, pseudo-CI Smarandache homomorphisms and modal Smarandache 
operators on pseudo-Cl algebras. The classes of Smarandache fantastic, implica- 
tive and positive implicative filters of Smarandache pseudo-ClI algebras are de- 
fined and studied by extending some results regarding Smarandache fantastic, 
fresh and clean ideals in Smarandache BCl-algebras and Smarandache BCH- 
algebras ((19], [18], [4]) to the case of Smarandache pseudo-ClI algebras. We 
give a characterization of Smarandache implicative filters and we present. con- 
ditions for a Smarandache filter to be a Smarandache implicative filter. For a 
@-Smarandache pseudo-ClI algebra we prove that any Smarandache implicative 
filter is a filter and any Smarandache positive implicative filter contained in Q is 
a Smarandache filter. We also give a characterization of Smarandache positive 
implicative filters. The notion of Smarandache commutative pseudo-CI algebras 
is defined and a characterization theorem is given. It is proved that in the case 
of commutative Q-Smarandache pseudo-Cl algebras the notions of Smarandache 
filters and fantastic filters coincide. Finally, we define and investigate the no- 
tion of a Smarandache upper set in a pseudo-CI algebra and we show that every 
Q-Smarandache filter is a union of Q-Smarandache upper sets. 


2. Preliminaries 


In this section, we recall some basic notions and results regarding pseudo-Cl 
algebras and pseudo-BE algebras. Pseudo-BE algebras were introduced in [5] 
as a generalization of BE-algebras (see {20]) and properties of it’s have recently 
been studied in [30] and [6]. 
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A CLalgebra ([23]) is an algebra (X;->,1) of type (2,0) satisfying the fol- 
lowing axioms, for all x,y,z © X: 
(Ch) x7 2=1; 
(Clg) lo av=az; 
(CI3) 4 > (yz) =y (@# > 2). 

We introduce a binary relation < on X by « < y if and only if «> y = 1. 
A CLalgebra (X;—, 1) is said to be a BE-algebra ([20]) if (BE) « > 1=1, for 
allxe X. 


Definition 2.1. ([29]) An algebra (X;—,~»,1) of type (2,2,0) is called a 
pseudo-C! algebra if, for all x,y,z © X, it satisfies the following axioms: 
(psCh,) c3 x=a~2r=1; 

(psCIg) lo vw=lw~ar=z; 

(psC Iz) > (y~ z) =y ~ (2 > 2); 

(psCI4) x > y = 1 if and only ifa~ y=1. 


Remark 2.1. If (X;—,~»,1) is a pseudo-CI algebra satisfying x > y= x ~ y, 
for allxz,y € X, then (X;—,1) is a CLalgebra. 
Also, if (X;—,~»,1) is a pseudo-CI algebra, then (X;~»,—,1) is too. 


Remark 2.2. Since every pseudo- BCT algebra satisfies (psCl )—(psCl4), pseudo- 
BCI algebras are contained in the class of pseudo-CI algebras. 


In the sequel, we will also refer to the pseudo-Cl algebra (X;—,~»,1) by X. 

Any pseudo-ClI algebra X verifying condition (psBE) x > 1=a~1=1, 
for all x,y € X, is said to be a pseudo-BE algebra ([6]). A pseudo-ClI algebra 
which is not a pseudo-BE algebra, pseudo-BCI algebra and pseudo-BCH algebra 
will be called proper. A pseudo-Cl algebra with condition (A) or a pseudo-CI(A) 
algebra for short, is a pseudo-ClI algebra X satisfying the condition (A): 

(A) forallz,y,z€X,ifaxy,thnyozxxr>zandywznxanrz. 
In a pseudo-Cl algebra X we can introduce a binary relation = by: 

ax y if and only if « > y= 1 if and only if x~ y=1, forall z,ye X. 

Note that ~ is reflexive by (psCl,). 


Example 2.1. ((29]) (1) Let X = {1,a,b,c,d,e}. Define the binary operations 
— and ~ on X as follows: 


>]1abede ~|1l abcde 
1 }/1 abeEede 1 |}1 abed 
ajljatleeobed ajljatl1ldebe 
b |b d 1l1eae b |b ec 1 aeeqd 
c |d b e 1 c¢c a ec |d eat eb 
d |c e adit b d |c b e dia 
e |e c da bil e |e dc bait 


Then (X;—,~»,1) is a pseudo-Cl algebra, but not a pseudo-BE algebra, since 
a>l=aflandawl=aFil. 
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(2) Let X = {1,a,b,c,d,e, f,g,h}. Define the binary operations + and ~» 
on X as follows: 


+>]/1 a6bce¢dee ff gi h 
1/1 a6 cde ff gih 
a{|l111deé# ff gih 
b |1 ce 1 1 de ff gih 
c |1 ce 6 1 def gih 
didadd4d41<4gheé##f 
e je e e e€ h 1g f ad 
Pia a aR. ee alte Le ae Fe 
g |h h h he fdiéeoqg 
hig gg g9 f deh il 
~|1la 6 cde fgih 
1/1 a6 cde ff gih 
a}s|}l411%1édeé#f gih 
b |1 e¢ 1 1 def gih 
c |l e¢ 6b 1 def gih 
d |d dddMt1he«gqfe 
e |e e e e g 1 head f 
Ela a ke tg le ve a 
g |h h hh f deel g 
h\lg goog g ef €@ hol 


Then (X;—,~»,1) is a proper pseudo-Cl algebra. 

Definition 2.2. ([6]) Let X be a pseudo-BE algebra. A subset F' of X is called 
a filter of X if for all z,y © X: 

(Fi) 1€ F; 

(Fo) a> y€ F andze€ F imply ye F. 


Denote by F(X) set of all filters of ¥. Obviously, {1}, X € F(X). 


Definition 2.3. ({11]) Let ¥ be a pseudo-BE algebra. A mapping f : X —> X 
is called a modal operator on X if it satisfies the following conditions for all 
ryEexX: 

(M1) x < f(x); 

(M2) f(f(x)) = Fla); 

(M3) f(z > y) < f(x) > fly) and f(a ~ y) < f(x) ~ f(y). 

The pair (X, f) is called a modal pseudo-BE algebra. 


Denote by MOD(X) set of all modal operators on X. 


3. Smarandache pseudo-ClI algebras 


In this section, we define the notion of a Smarandache pseudo-CI algebra and 
investigate these properties. We also define and study the notions of Smaran- 
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dache filters, pseudo-CI Smarandache homomorphisms and modal Smarandache 
operators on pseudo-CI algebras. 


Definition 3.1. A pseudo-Cl algebra X is said to be a Q-Smarandache pseudo- 
CI algebra if there is a proper subset Q of X such that: 
($1) 1€Q and |Q| > 2; 
(S2) Q = (Q;—,~,1) is a pseudo-BE algebra under the operations of X. 
Q is called the heart of X, if it satisfies (S1), (S2) and axiom: 
(S3) If there is 0 AS C X satisfies (S,) and ($2), then S CQ 
(ie. Q={xeEeX:xc71=1}). 


Remark 3.1. Using (53), the heart of X is unique and Q = X if and only if X 
is a pseudo-BE algebra. 


Example 3.1. (1) Every pseudo-BE algebra is a Smarandache pseudo-Cl alge- 
bra. 

(2) Consider the pseudo-CI algebra given in Example 2.1 (2), let 
Qi = {1, a, }, c}, Qo = {1, a}, Q3 = {1, b}, Qu = {l,a, Ch and let Qs = 41,05 c}. 
Then X is a Q1, Q2, Q3, Qa and Q5 Smarandache pseudo-ClI algebra. Moreover, 
Qi satisfies ($3), hence it is the heart of X. 


Proposition 3.1. In any Q-Smarandache pseudo-C!I algebra X the following 
hold, for alla,y € X: 
(1) fx €Q, thenz>1¢Q andx~1¢€Q; 
(2)x>31=1lorrx>1€Q; 
(3) ffx 41¢€Q, thenax ZQ; 
(4) feo l=yol, thenzo>yeQ andy >2rEQ; 
(5) farwl=ywrl, thnr~myeQ andy~reEeQ; 
(6) ffx EQ andy ZQ, thenz>y¢Z@Q,r~yE¢Q andy xz E€Q, 
yon EQ. 
Theorem 3.1. Let X be a proper pseudo-C! algebra. Then X is a Q-Smarandache 
pseudo-CTI algebra if and only if there exists Q C X such that |Q| > 2 and 
xz >1=1, forallxeQq. 


Proof. Let ¥ be a Q-Smarandache pseudo-ClI algebra. Then by definition we 
get there exists Q C X such that x > 1 = 1, for allx EQ. 

Conversely, consider Q = {x € X | x > 1 = 1}. It is suffice to prove that Q is 
a subalgebra of X. If x,y € Q, then x > 1=y—>1=1. By (ag), we get 
(say ol=(t#o Dw (yol=lw1l=l 

Thus z > y € Q. Similarly, x ~ y € Q. Hence Q is a subalgebra of X. 


Definition 3.2. A subset F' of a pseudo-Cl algebra X is called a Smarandache 
filter of ¥ related to Q (or briefly, Q-Smarandache filter of X) if it satisfies, for 
allye Qandae F: 

(SF) 1eEF; 

(SF) x > y € F implies y € F; 

(SF3) «~~ y € F implies y € F. 
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Denote by Fg(X) set of all Q-Smarandache filters of X. 


Example 3.2. Consider the pseudo-CI algebra given in Example 2.1 (2). We 
can see that X is a Q-Smarandache pseudo-ClI algebra where Q = {1,a,b,c}. 
Note that F, = {1,a,b,c,d}, Fy = {1,h} and F3 = {1,9,h} are Q-Smarandache 
filters of X. 


The following we provide some conditions for a subalgebra to be a Q- 
Smarandache filter. 


Theorem 3.2. Let F be a subalgebra of X. Then F is a Q-Smarandache filter 
of X if and only if for all x,y € X, 
xeF, yeQ\FimplytoyeQ\ Fandtarw ye QvF. 


Proof. Assume that F € Fg(X) and z,y € X, such that « € F andy € QN F. 
Ife >y€¢ QF, then sz > ye F (ie. y € F), which is a contradiction. Hence 
rye QvF.Now, ife~my¢ QF, thenz~ ye F (ie. y € F), which is 
a contradiction. Hence x ~~» yE QN F. 

Conversely, assume that the hypothesis is valid. Since F’ is a subalgebra, we 
have 1 € F. For every x € F, letx > ye F. Ify ¢ F, then zt > y € QX\ F by 
assumption, which is a contradiction. Hence y € F. Now, let 7 ~» y € F. Then 
by hypothesis we have y € F. Therefore, F is a Q-Smarandache filter of X. 


Theorem 3.3. Let X be a Q-Smarandache pseudo-CI algebra, and let F be a 
subset of X such that Q C F. Then F is a Smarandache filter of X. 


The next example shows that the converse of Theorem 3.3 is not valid in 
general. 


Example 3.3. Let X be the pseudo-ClI algebra from Example 2.1 (2). 

(1) If Q = {1, a,b,c} and F = {1,6,c,g}, then F is a Q-Smarandache filter. 

(2) If Q = {1,a,b,c} we can easily see that, every filter F of ¥ containing 
Q is a Q-Smarandache filter of ¥. For example F; = {1,a,b,c,d,e,} is a Q- 
Smarandache filter of X. 


Proposition 3.2. Any filter of a pseudo-CI algebra X is a Q-Smarandache 
filter. 


The following example shows that the converse of above proposition is not 
valid in general. 


Example 3.4. Consider the pseudo-ClI algebra from Example 2.1 (2) and let 
Q := {1,a,b,c}. Then X is a Q-Smarandache pseudo-CI. Also, F = {1,h} isa Q- 
Smarandache filter of X, but it is not a filter of X, sinceh 9 g=hwg=heF 
and he F, but g ¢ F. 


In [7], R. A. Borzooei et al. introduced the notion of distributive pseudo-BE 
algebras and got some useful results. The following we define the notion of weak 
distributive Q-Smarandach pseudo-CI algebras. 
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Definition 3.3. A @Q-Smarandache pseudo-Cl algebra X, where Q is the heart 
of X, is said to be weak distributive if it satisfies only one of the following 
conditions, for all x,y,z € Q: 

(WD) > yr z)=(@ry)~ (@> 2); 

(WD2) e~ (yz) = (t@~ y) > (@ ~ 2Z). 


Remark 3.2. Take x = y in (WD) and (WDz2) and applying (psClz), we get: 
to(awz)=("@5 2) ~ (@ 9 z) = 1% (@ 5 z) =x z and 

em (tozj=(arvr2)o (an z)=1lo(anw z)=a4~z. 

Now, using (psCl,), we havex 9 z= a> (ar z)=a~n (*@Oz)=a~ z, 
for all x,z € Q. Consequently, >=~~, and so Q is a BE-algebra. 


In this paper, weak distributive pseudo-Cl algebra satisfies (W Dj). 


Example 3.5. (1) Let X = {1,a,b,c,d}. Define the binary operations + and 
~ on X by the following tables: 


>|1abed ~|1loaboed 
1 |}1 abed 1 |}1 abead 
a 1 1414144 a 1141 1é4ad 
b 1 1414144 b 1 111d 
ec j/l aa1q ad ec |/1 a 6b1 4d 
d |d daddii d |d daddii 


Then (X;—, ~», 1) is a weak distributive pseudo-Cl algebra, where Q = {1, a,b,c}. 
(2) Consider the Q-Smarandache pseudo-CI algebra given in Example 2.1 
(2), where Q := {1, a,b,c}. Then & is not a weak distributive, since 
b> (bw a) =bo>c=1F4¥c=1l~c=(b>b)~ (boa). 


Remark 3.3. Singular pseudo-CI algebras were introduced and studied by 
Rezaei et al. in [29]. Now, if X is a singular pseudo-Cl algebra, then Q = {1}, 
and so & is a weak distributive pseudo-ClI algebra. 


Proposition 3.3. If F is a Q-Smarandache filter of weak distributive pseudo- 
CI algebra X, then for all x,y,z € Q: 

()z~wyon)e F andz~ ye F implyz~ ze F; 

(2)z7(yrwau)eF andzoycF implyzocze F. 


Corollary 3.1. If F is a Q-Smarandache filter of weak distributive pseudo-CT 
algebra X, then for all x,y € Q: 

(1) y~ (y> 2) € F implies y~ x € F; 

(2) y> (yw x) € F implies y 3 2 € F. 


Proposition 3.4. Let F be a Q-Smarandache filter of a pseudo-CI algebra X 
and x,y € Q. Then 

(1) fre F, yEe€Q anda xy, theny€ F; 

(2) of X is weak distributive pseudo-CI algebra and x,y € F, thenxz > y € F; 
(3) of X is weak distributive pseudo-CI algebra and x,y € F, thenz ~~» y € F. 
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Theorem 3.4. Any Q-Smarandache filter is a subalgebra of Q. 


The converse of Theorem 3.4 is not valid in general. Indeed, in Example 2.1 
(1), S = {1,a} is a subalgebra, but it is not a Q-Smarandache filter. 


Theorem 3.5. Let Qi and Q2 be pseudo-BE algebras which are properly con- 
tained in a pseudo-CI algebra X and Q, C Qo. Then every Q2-Smarandache 
filter is a Q,-Smarandache filter of X. 


The following example shows that the converse of Theorem 3.5 is not valid 
in general. 


Example 3.6. Let X = {1,a,b,c,d,e, f,g,h}, Qi = {l,a}, Qo = {1,a,},c} 
and F = {1,a,b}. According to Example 2.1 (2), we can see that X is a Q1- 
Smrandache pseudo-ClI algebra and Q2-Smrandache pseudo-CI algebra. Also, 
F is a Qi-Smarandache filter of X, but F’ is not Qo-Smrandache filter of X. 
Indeed, b> c=1E€F,b€E F,c€ Qo, but c¢ F. 


Definition 3.4. Let X and Y) be Qx and Qy-Smarandache pseudo-Cl algebras, 
respectively. A mapping f : X —> Y is called a Smarandache pseudo-CI 
homomorphism if fs = fig: @x —> Qy is a pseudo-BE homomorphism. 


Theorem 3.6. Let X and Y) be Qx and Qy Smarandache pseudo-C! algebras 
and f : X —+Y be a Smarandache pseudo-CI homomorphism. Then: 

(1) if G E FO ); then f7(G) E Fp-1(Qy)(X); 

(2) if f is injective and F € Fax(X), then f(F) € Fyaxy(Y)- 


Proof. (1) Assume that G € Fg, (Y) and y € f-1(G). Obviously, 1x € f7'(G). 
Let xz, x ay € f '(G) and z ~ y € f-1(G). It follows that f(z) > f(y) = 
f(x > y) € Gand f(x) ~ f(y) = f(a ~ y) € G. Then f(y) € Qy, since 
f(z) € Gand G € Fg,(Y), we have f(y) € G. Therefore, y € f~1(G), and so 
fi@e F-1(9y(X). 

(2) Assume that f is injective and F € Fg, (X). Obviously, ly € f(F). Let 
a,a—>beé f(F) and be f(Qx). It follows that there exist rq, Ya» € F and 
xp € Qx such that f(r_) =a, f(@a5y) =a — b and f(a) = b. Now, we have 

tf (Go-38) =a>b= Tea) = f(2») = f(a =saip)) 
Since f is injective, we have r45) = Tg ~ ty € F, and so rz € F. Hence 
b= f(x») € f(F). Therefore, f(F’) € Fg,)(Y). 


Definition 3.5. Let X be a Q-Smarandache pseudo-Cl algebra. A mapping 
f:X — X is called a modal Q-Smarandache operator if fs = fig: Q7>Qisa 
modal pseudo-BE algebra. 


Denote by SMOD Q(X) set of all modal Q@-Smarandache operators on X. 


Proposition 3.5. Let Q; and Q2 be pseudo-BE algebras such that Q1 C Qo C 
X. Then SMODQ,(X) C SMODaQ, (X). 
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4. Commutative Smarandache pseudo-CI algebras 


The commutative pseudo-BE algebras were defined and investigated in [10], 
while the commutative Smarandache Cl-algebras have been defined and studied 
in [5]. In this section we introduce the notion of commutative Smarandache 
pseudo-Cl algebras, we give characterizations of these structures and investigate 
some of their properties. 

Let X be a pseudo-ClI algebra. For all x,y € X, denote: 

geViy=(a4#>y)~wyandzrVay=(rr~y)>y. 
If >=~~, then the pseudo-ClI algebra ¥ is a Cl-algebra and 
rVy=("#> y)> y. 


Definition 4.1. A Q-Smarandache pseudo-ClI algebra X is said to be commu- 
tative if Q is a commutative pseudo-BE algebra, that is, it satisfies the following 
conditions, for allz,yE€Q,x¢Viy=yVie and xVoy=yVo2%. 


Example 4.1. Let X = {1,a,b,c,d,e, f,g}. Define the binary operations > 
and ~» on X by the following tables: 


+>/|1labe de f4qg 
1 }/1a6c¢de#@ fé<q 
aj|l16ec¢de# fg 
b |1 a1 cde f<g 
c |e c c 1 f g de 
d |d ddgi1f eee 
e |e e e f g 1 c d 
Po G Pe Qe gd. Ve oe ST” 
GP fo EE SE eG 
~|1loa be de fg 
1/1 ab c¢de# fq 
aj{|l1 6 c¢deéfg 
b |1 a1 cdeéifg 
c |e c c 1g feed 
d |\d dd f1 gc e 
e |e e e g f 1 de 
FR eee ae sg: Ser ee a do 25 
elie. deo ae ay ie ne, gs SE 


Then (X;—,~»,1) is a Q-Smarandache commutative pseudo-Cl algebra, where 


Q = 1,4, bt. 


Proposition 4.1. Let X be a Q-Smarandache commutative pseudo-CT algebra, 
and let x,y € Q such thatzx OS y=you=lorr~y=ywuw#r=ti. Then 
L=y. 


10 L.C. Crunau, A. REZAEI, A. RADFAR 


Proof. Consider x,y € Q such that x > y= y > x = 1. Since X is commutative 
and applying (psClI2), we get: 

ge=lwr=(yoru)~r=(t4ry)wy=lwry=y. 
Similarly, «~~ y= y~ x =1 implies x = y. 


Proposition 4.2. In any Q-Smarandache commutative pseudo-CI algebra X 
the following hold, for all x,y € Q: 
Q)roy=yVitryandrwy=yV2tr~y; 

(2) eViy=(@Viy) Vi 2 and zV2y = (£V2y) V29; 

(3) x <y implies yVi © =yVot=y. 


Proof. It follows by [10, Prop. 4.9]. 


Theorem 4.1. An algebra X of the type (2,2,0) is a Q-Smarandache commu- 
tative pseudo-CI algebra if and only if the following hold, for all x,y,z € Q: 
(Pi) loav=lwr=z; 
(P,)c3l=2~1=1; 
(P3) (x > z)~ (yz) =(27 2) (y> 2) and 
(2 ~» 2) + (y+ 2) = (2-9 2) 3 (y~ 2); 
(4) o> (yz) =y~ (2 2); 
(P35) x > y=1 if and only ifa~ y=1. 


Proof. It follows by [10, Th. 4.13}. 


Theorem 4.2. An algebra X of the type (2,2,0) is a Q-Smarandache commu- 
tative pseudo-CI algebra if and only if the following hold, for all x,y,z € Q: 
ONG41) y= @41) ay=% 
(Q2) (@ > z) » (yz) = (2 4 2) » (y> 2) and 

(ez) > yw z)=(e~ 2) > (YY 2); 
(Q3) > (yw z) =y~ (@ > 2); 
(Q4) © > y=1 if and only ifxa~~y=1. 


Proof. It follows by [10, Th. 4.14]. 


Remark 4.1. According to [9] the following hold: 

— Any pseudo BCK-algebra is a pseudo-BE algebra; 

— The class of commutative pseudo-BE algebras is term equivalent to the 
class of commutative pseudo-BCK algebras. 
It follows that in the definition of commutative Q-Smarandache pseudo-C! alge- 
bras, the pseudo-BE algebra can be replaced with a pseudo-BCK algebra. 


5. Classes of Smarandache filters of Smarandache pseudo-Cl 
algebras 


Developing filter theory of multiple-valued logic algebras is a central topic in 
the study of fuzzy systems (see, e.g., [1, 26, 27]). 
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In this section we define and study the classes of Smarandache fantastic, im- 
plicative and positive implicative filters of Smarandache pseudo-Cl algebras. We 
generalize some results regarding Smarandache fantastic, fresh and clean ideals 
proved in [19], [18] and [4] for Smarandache BCl-algebras and Smarandache 
BCH-algebras. It is proved that in the case of commutative Q@-Smarandache 
pseudo-CI algebras the notions of Smarandache filters and fantastic filters co- 
incide. We give a characterization of Smarandache implicative filters and we 
present conditions for a Smarandache filter to be a Smarandache implicative 
filter. For a Q-Smarandache pseudo-CI algebra we prove that any Smaran- 
dache implicative filter is a filter and any Smarandache positive implicative 
filter contained in Q is a Smarandache filter. Finally, we give a characterization 
of Smarandache positive implicative filters. 


Definition 5.1. Let ¥ be a Q-Smarandache pseudo-Cl algebra. A filter F of 
X is said to be Q-Smarandache fantastic filter of X if it satisfies the following 
conditions, for all x,y € Q: 

(FF\) y> 2 € F implies tV, y > re F; 

(FF2) y~ « € F implies t Voy x € F. 


Denote by FG (X) set of all Q-Smarandache fantastic filters of X. 


Theorem 5.1. Let X be a Q-Smarandache pseudo-CI algebra and let F C X. 
Then F € FG (X) if and only if it satisfies the following conditions, for all 
zyeQandzEX: 

(1) le F; 

(2)z3(you)e€ F andzeF implyzViyore F; 

(3) z3 (yw a) ec F andzeF implyxVoayw re F. 


Proof. Consider F € Fa(X). Since 1 € F, condition (1) is satisfied. Let 
x,y € Q and z € F such that z > (y > x) € F.. Obviously, y > x € Q. Since 
F € F(X), we have y > x € F, hence x Vi y > « € F, that is, condition (2). 
Similarly, from z ~ (y ~ x) € F and z € F, we get rVoy ~ « © F, that is, 
condition (3). 

Conversely, let F C X satisfying conditions (1), (2) and (3). Obviously, 
le F. Let x,y € Q such that ex > y, re F. Since x > (lo y)=ax ye F, 
using (2), we have y= yVi1— y € F. It follows that F € Fo(X). Let x,y EQ 
such that y > x € F. Since 1 > (y > x) € F and 1 € F, by (2), we get 
zrViy 72 € F. Similarly, from y ~ x2 € F, we get rVoy~aEe FF. We 
conclude that F' € F G(X). 


Proposition 5.1. Let X be a pseudo-C! algebra and Qi, Q2 be proper subsets 
of X such that Qi C Qe. Then FE,(X) Ss FE, (xX). 


Proposition 5.2. Let X be a Q-Smarandache pseudo-CI(A) algebra and 
Pye FG (X), Fy € Fg(X) such that Fy C Fy. Then Fp € FG(X). 
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Proof. Consider x,y € Q such that u= y—> x € F. It follows that 
yro(umaz)=yo(yoru)~ ar) =1€E Fi). 

Since F{ is fantastic, we have (u~ x) Viy > (u~ x) € Fi. 

From F, C Fb, we get (u~ 4) Vi yy (u~ &) € Fo. 

Applying (psC Is), it follows that u ~> ((u~ 2) Viy > x) € Fo. 

Since u € Fy and (u~ 2) Vi yx €Q, we get (um a) Vi youre Fy. 

In the pseudo-BE algebra Q, x x (y > 2) ~ « = u ~ @, hence by (A), we 

have (u~» x) > yxau->y,and(*4 > y)~ yx ((U~ Zz) > y) ~» y, that is, 

eViyrn(umz)Viy. 

Finally, applying again (A), (u~» v7) ViyrouxnrVviyour. 

Hence 4 V, y > x € Fy. Similarly, from y ~ x © Fo, we get r Vay x © Fo. 

We conclude that F> € FG (X). 


Corollary 5.1. Let X be a Q-Smarandache pseudo-CI(A) algebra. Then {1} € 
FG (X) if and only if Fo(X) = FG (X). 


Theorem 5.2. If X is a commutative Q-Smarandache pseudo-CI algebra, then 
Fa(X) = FG(X). 


Proof. Let F € Fg(X), and let x,y € Q such that y> awe F. 
Obviously, ((y > x) ~ x) > « € Q and by (ae), your (you~ 2z) > 2, 
hence ((y > 4) ~ @) Dx =yVi 24> 2€ F. Since X is commutative, we get 
eViyruruexX. 

Similarly, 7,y € Q andy ~ « € F imply «Voy ~ « € F, hence F' € FG (X). 
We conclude that Fa(X) C FG (X), that is, Fg(X) = FG (X). 


Definition 5.2. Let X be a Q-Smarandache pseudo-C!I algebra. A subset F' 
of X is said to be a Q-Smarandache implicative filter of X if it satisfies the 
following conditions, for allxz,y € Q andze€ F: 

(IF,) le F; 

(lFo) z > ((4# > y)~ x) € F implies x € F; 

(1F3) 2~ (4 y) 32) 6 F impliesxe F. 


Denote by Fo (X) set of all Q-Smarandache implicative filters of X. 
Proposition 5.3. In any Q-Smarandache pseudo-CI algebra X, Fb(X) CFolx): 


Proof. Let F € FG(X). Obviously, (SF) is (IF,). Let x € F and y € Q such 
that x > y € F. Since y > ((4@ 9 zt) ~ te) =y OLE F, by (IF), we get 
x € F, that is, (SF) is verified. Similarly, (SF3) follows from (IF3), hence 
F € Fg(X). We conclude that F&(X) C Fg(X). 


Theorem 5.3. Let X be a Q-Smarandache pseudo-ClI algebra, and let F € 
Fa(X). Then the following are equivalent; for all z,y€Q, (1) Fe Fb(X); 
(2) (cx > y)~ «© F implies x € F and (x~ y) > 2 € F implies x € F. 
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Proof. (1) = (2) Let Fe FE(X), and let x,y € Q such that (x& > y) ~ we F. 
Since 1 — (2 9 y)~ 2) = (tx 7 y)~ & € F and 1 € F, by (IP)), we get 
x € F. Similarly, (x ~ y) > x € F implies x € F. 

(2) = (1) Let x,y € Q such that z > ((4 — y) ~ x) € F, and let z € F. 

Since F € Fg(X), we get (x > y) ~ a © F, and applying (2), we get z € F. 
Similarly, z — ((t ~ y) — x) © F and z © F imply z € F. Therefore, 
Fe FE(X). 


Proposition 5.4. Let X be a Q-Smarandache pseudo-C! algebra, and let F € 
Fa(X) such that ((x& > y) ~ 2) ~ « € F and ((a » y) > &) > & € F, for all 
x,yEeQ. Then Fe Fi(X). 


Proof. Let F € Fg(X) and let x,y € Q such that z > ((«@ > y) ~ x) € F and 
z €F. Since F € Fg(X), by (SF), we have (x — y) ~ x € F. Moreover, 
from ((2 > y) ~ «) ~ a € F, applying again (SF2), we get x € F. Similarly, 
z~ ((x~ y) > a) € F and z € F imply « € F. Therefore, F' € Fb(X). 


Definition 5.3. Let X be a Q-Smarandache pseudo-ClI algebra. A subset F' of 
X is said to be a Q-Smarandache positive implicative filter of X if it satisfies 
the following conditions, for all x,y,z € Q: 

(PIF,) 1€ F; 

(PIFo) z («#7 y)€ Fandz~ axe F imply z> ye F; 

(PIF3) z~ (aw y)€ Fandz>a2e€ F imply z~ ye F. 


Denote by Fe '(X) set of all Q-Smarandache implicative filters of X. 


Proposition 5.5. In any Q-Smarandache pseudo-CI algebra X, {F € F(X) | 
FOO} GC FolX),. 


Proof. Let F € FG! (X). Obviously, (SF) is (PIF,). Let x € F andy€Q 
such that x > y € F. Since 1 > (w@# 9 yy) =x oye Fandlwr=2eE 
F C Q, applying (PIF2), we get 1 > y = y € F. Thus (SF») is verified. 
Similarly, applying (PIF3), we get (SF3), hence F € Fg(X). We conclude that 
FQ! (X) C FQ(X). 


Proposition 5.6. Let X be a Q-Smarandache pseudo-C! algebra, and let F € 
Fa(X) such that the following conditions are satisfied, for all x,y,z € Q: 
(PIF,) z > (4 > y) € F implies (z ~~ 2) > (2 3 y) € F; 

(PIF5) z~ (x4 ~ y) € F implies (gz 3 2) ~~ (z~ y) EF. 

Then F € FG" (X). 


Proof. Let F € Fg(X), and let x,y,z € Q such that z > (x > y) © F and 
z~a€F. By (PIF4), we have (z ~ 2) > (z > y) € F and by (SF), we get 
z—>y€F-. Similarly, applying (PIFs), from z ~ (4 ~~ y) € Fandz > ave F, 
we get z~ y € F. It follows that F € FG! (X). 
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Corollary 5.2. Let X be a Q-Smarandache pseudo-C!I algebra, and let F € 
FaQ(X) such that the following conditions are satisfied, for all x,y € Q: 

(PIF) «> (x4 > y) € F implies x > y € F; 

(PIFs)' «~ (a ~ y) € F impliesx~ ye F. 

Then F € F§"(X). 

Lemma 5.1. Let X be a Q-Smarandache pseudo-C! algebra, and let F' € FG! (X). 
Then F satisfies (PIF4)' and (PIFs)', for allx,y € Q. 


Proof. Let F € Fg(X), and let x,y € Q such that x > (w > y) € F. Since 
x~x=1€ F, applying (PIF) we get x > y € F. Similarly, from x ~» (a ~» 
y) € F, applying (PIF3), we get r~ ye F. 


Theorem 5.4. Let ¥ be a Q-Smarandache pseudo-ClI algebra, and let F € 
Fa(X). Then F € F§'(X) if and only if it satisfies (PIF1)' and (PIFs)’. 


Proof. It follows by Lemma 5.1 and Corollary 5.2. 


Proposition 5.7. Let X be a Q-Smarandache pseudo-C! algebra, and let F € 
F Gi (X) such that F C Q. Then the following hold, for allx,y€Q,z€F: 
(PIF6) z- (4 > (x > y)) € F implies x — y € F; 

(PIF;) z~ (aw (ac~ y)) CF implies x ye F. 

Proof. Let F € FEI (xX), F CQ, and let x,y € Q, z € F such that 

z— (x > (a > y)) € F. Since F C Q we have z € Q. By Proposition 5.5, 
F € Fg(X) and applying (SF 2), we have x — (a > y) € F. Hence by Lemma 
5.1, we get « > y © F, thus (PIF¢) is verified. Similarly, for (PIF7). 


Theorem 5.5. Let X and XY) be Qx and Qy-Smarandache pseudo-C! algebras 
and f : X —+Y be a Smarandache pseudo-CI homomorphism. Then: 
(1) f Ge FE,(Y) (FE,(Y), FEL(Y)), then 
= BF I I ; 

f (G) € F-1qy)(X) (Fe-1(qy)(*), Ferg (X))i 
(2) of f ts injective and F € Foy (X) (Fo, (Xx), Foy then 

FP) € Fra ®) (Frag: FRQg@): 
Proof. (1) Let G € FEY), and let x,y € Qx such that y > 2 € fo, (©), 
that is, f(y > x) € G, so f(y) > f(x) € G. Since G € FoyAY), we have 
f(x) Vif (y) > f(x) € G. It follows that f(xViy > x) € G, hence rViy > 4 € 
f-\(G). Similarly, y ~ x € fo, () implies 2 Voy ~~ « € f~'(G). We conclude 
that f-'(G) © FF, (gy) (X)- Similarly, for G ¢ Fé, (Y) and G € FG! (Y). 
(2) Let F € Fo. (X) and z,y € f(Q) such that y > x € f(F). There exist 
1,91,21 € Q such that « = f(x), y = f(y), y > & = f(x). Therefore, 
f(y.) > f(a1) = f(z1), that is, f(y: > v1) = f(z1). Since f is injective and 
F is fantastic, we get yy > 41 = 21 © F, hence 71 V1 yj > x € F. It follows 
that f(t1 Vi yi > 21) € f(F), so f(z1) Vi f(y) > fei) € f(F), that is, 
eViy>uxe f(F). Similarly, y ~ x € f(F) implies Voy ~~ x € f(F). 


Hence f(F) € Friagx)Y): Similarly, for F € Foe (X) and F € Foe (X). 
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6. Q-Smarandache upper sets 


In this section, we define and investigate the notion of Smarandache upper sets 
in a pseudo-ClI algebra and we investigate some of their properties. We prove 
that every Q-Smarandache filter is a union of Q-Smarandache upper sets. 
Let z,y € Q and Q C X be a pseudo-BE algebra. Denote: 
A(z,y) :={zEQ: 27 (yw z)=1}. 
We call A(z, y) a Q-Smarandache upper set of x and y. 


Remark 6.1. It is easy to see that, 1,2,y € A(x,y). The set A(x,y), where 
x,y € Q, is not a filter of X, in general. Also, using (psCl3) and (psCl,) we 
have 


A(z,y) = {z€Q:47 (yw z)=1} 
= {z€Q:a~ (yz) =1} 
= {z€Q:y~ (45> z)=1} 
= {z€Q:y> («#5 2z) =}. 


Example 6.1. (1) Consider the pseudo-CI algebras from Example 2.1 (2) and 
let Q := {1,a,c}. Then A(a,c) = {1,a,c}. 

(2) Consider the Q-Smarandache pseudo-CI algebras from Example 4.1. 
Then A(a,1) = {1,a,b} #4 A(1,a) = {1,a}, and so A(z, y) 4 A(y,x), for some 
xyeQdq. 


Proposition 6.1. Let x,y € Q. Then 

(1) A(a,1) € A(z,y); 

(2) if A(z, 1) € Fo(X) and y € A(z, 1), then A(a,y) C A(z, 1); 

(3) if there is y € Q, such that y > z =1 or y~ z =1, for all z € Q, then 
Q= A(z, y); 

(4) A(x,1) = (} A(z,y). 


yeQ 


Theorem 6.1. Let 0 #4 F C Q. Then F € Fo(X) if and only if A(a,y) C F, 
for alla,y€ F. 


Proof. Assume that F € Fo(X) and z,y € F. If z € A(az,y), then x > (y ~ 
z)=1¢€F. Since F € Fo(X) and z,y € F, by (SF2), y ~ z € F, and so by 
(SF3), 2 € F. Hence A(z, y) CF. 
Conversely, suppose A(z, y) C F, for all x,y € F. 

Since « > (y~ 1) =2 7 1=1, we get 1 € A(z, y) C F. Let a,a—> be F and 
a~cé€ F. Since 1 = (a— b) ~ (a b) =a > ((a > Bb) ~ BD) and 

(a~ c) > (a~c)=1, wehavebe AC Fandce ACF. Hence db,ce F. 
Thus, F € Fo(X). 


Theorem 6.2. Let a € Q. Then the set A(a,1) € Fo(X) if and only if the 
following hold, for all x,y,z € Q: 
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(1) zxxa2—-> y and z Xx imply z xX y; 
(2) z~xu~yandz xx imply zx y. 


Proof. Assume that for each a € Q, A(a,1) € Fo(X). Let x,y,z € Q be such 

thatzxxoy,zxa~y,andzx<za. Thenz > ye A(z,1),¢~ ye A(z, 1), 

and x € A(z,1). Since A(z, 1) € Fo(X), we have y € A(z,1). Therefore, z < y. 
Conversely, consider A(z,1), for z € Q. Obviously, 1 € A(z, 1). 

Let > y € A(z,1), and « ~ be A(z,1), for all x € A(z,1) (ie. zX ay, 

z~a~bandz xz). Then from hypothesis, z x y and z X b (ie. y € A(z, 1) 

and b € A(z,1)). Hence A(z, 1) € Fo(%), for all z € Q. 


Theorem 6.3. Let F € Fo(%) and F CQ, then F = (J A(a, 1). 
rer 


Proof. Assume that F € Fo(X), F C Q and z € F. Since z € A(z,1), we 


have F C U A(z,1). Let z€ U A(z,1). Then there exists a € F’ such that 


z€F cer 
z € A(a,1), and soa—>z=a->(l~z)=1€ F. Since F € Fo(X) and 


a € F, we have z € F. Thus, U A(z,1) CF. 
xer 


7. Conclusions and future work 


In this paper we introduced the notion of Smarandache pseudo-CI algebras 
and we defined and studied some classes of Smarandache filters of Smaran- 
dache pseudo-CI algebras. This study could potentially lead to more results on 
Smarandache pseudo-ClI algebras. 

A. Borumand Saeid studied in [2] the notion of a Smarandache weak BE- 
algebra, as a BE-algebra X in which there exists a proper subset Q of X such 
that: 

(Si) Le Q and | Q [2 2; 
(S2) Q is a Cl-algebra under the operation of X. 

Another topic of research could be to define and investigate the notion of a 

Smarandache weak pseudo-BE algebra. 
A Smarandache strong n-structure on a set S means a structure Wo on a set S 
such that there exists a chain of proper subsets Pp, < Png <-:-<P2< P< 
S, where < means P; included P;_; in whose corresponding structures verify the 
inverse chain W,_1 > Wn_2 >--- > We > W, > Wo, where > signifies strictly 
stronger (i.e. a structure satisfying more axioms) (see [5]). 

A. Borumand Saeid and A. Rezaei introduced in [5] the notion of a Smaran- 
dache strong 3-structure of a Cl-algebra X as a chain X; > X2 > X3 > Xa, 
where Xj, is a Cl-algebra, X29 is a BE-algebra, X3 is a dual BCK-algebra, and 
X,4 is an implication algebra. 

One could define and investigate the notion of a strong n-structure of a pseudo- 
CI algebra. 
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